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ABSTRACT

Suppose that 1<p=2, 2=q <= The formal identity operator I:l,—1,
factorizes through any given non-compact operator from a p-smooth Banach
space into a g-convex Banach space. It follows that if X is a 2-convex space and
Y is an infinite dimensional subspace of X which is isomorphic to a Hilbert
space, then Y contains an isomorphic copy of [, which is complemented in X.

1. Basic sequences and non-compact operators

The existence of a basic sequence which bears a special relation to a given
finite collection of non-compact operators is proved in Proposition 1.3 below.
This is applied to obtain some results about the existence of quasi-complements
and to obtain an extension of a theorem on the existence of a universal
non-compact operator; the latter result provides the motivation for the theorems
described in the abstract, which are proved in Section 2.

Suppose that T is a bounded operator from a Banach space X into a Banach
space Y. The quantity ¢(T) is defined by ¢(T)=inf{]T|[ul:M is a closed
subspace of finite codimension in X}. It is proved in [7] and [15] that T is a
compact operator if and only if ¢(T) = 0. For completeness a stmple proof of this
fact will now be given.

ProposiTioN 1.1. T is compact if and only if c(T)=0.

Proor. First suppose that ¢(T)> 68 >0. We shall construct a sequence
(%« i1 in the unit ball of X such that || Tx | > 8 and || Tx; — Tx. || > & for all k # j.
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Suppose that x,....x, have been constructed with these properties for all
1=j<k=n Select fi,....f. in Y* such that f(Tx;)>8 and ||fi||= 1. Then
M ={_ ker(T*f,) is of finite codimension in X, and so there exists x,, in M
with |[x,..[|=£1 and || Tx...[|> 8. Moreover, || Tx... — Tx:| = fi(Tx; — Tx, 1) > 6
(1 =i=n), which proves the next step in the induction. Since the sequence
(Tx.).-: has no convergent subsequence, it follows that T is non-compact. To
prove the converse assertion we shall assume that ¢(7T) =0 and show that T is
then compact. To this end let (x, )., be any sequence in the unit ball of X and let
e >0 be given. There exists a closed subspace M of finite codimension with
I T |ull < €; let N be any (finite dimensional) complement of M and let P be the
projection which is parallel to M and whose range is N. There exists a
subsequence (., )i-: such that || Px, — Px, ||< e for all j# k. We have

I = P)(x, = %) =|

X = Xo | 4[| Pxa, — Px,, | 2+,

and so
1T, = xS ITI P, = )1+ T |l = P, = )]
=[|T|e +e@+¢).

Since ¢ is arbitrary it follows easily that (Tx.); has a convergent subsequence,
and so T is compact.

LeEmMa 1.2, Suppose that T,: X = Y; (1 =i = n) are non-compact operators.
There exists & > 0 such that for every closed subspace M of finite codimension in X
there exists x € M with |x||=1 and |Tx|>8 (1=i=n).

Proofr. There exists 5 >0 such that ¢(T;)> n (1 =i = n). We shall show by
induction that we may take 8 = 5/2". Suppose the result is true for n — 1. There
exists y € M with ||y[[=1 and | Ty|>n/2" ' (1=i=n—-1). It | Ty |>n/2"
then we are done. The other possibility is that || T,y [|= %/2". In this case we
choose norm one functionals (f);./ such that f(T.y)>n/2""". Since L =
M 0 N ker(T*f,) is of finite codimension there exists z € L such that | z | = 1
and || T,z||> 7. Let x =3(y +z) and observe that x €M and ||x||=1. For
1=i=n-1, we have

T || Z 4 f(Ty + Tiz)> n/2"
Moreover,

| 7.x

Tz[=: Tyl > =@ =6,

provided n = 2. This completes the induction.

1
=3

l =
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PROPOSITION 1.3.  Suppose that T, : X — Y, are non-compact operators. There
exists 8 >0 and a normalized basic sequence (xi )i~ in X such that || Tx.||> &
(I=i=n k=1)and (Tx.):-: is a basic sequence in Y, (1 =i = n). Moreover,
given K > 1, we may ensure that the basis constant of each of these basic sequences
is at most K.

PrOOF. Let & >0 be as given by the statement of Lemma 1.2. The proof is an
adaptation of Mazur’s argument for the construction of a basic sequence in an
infinite dimensional Banach space (see e.g. [10, p. 4]). Let (;);-: be a sequence of
positive numbers satisfying [I7 (1 + ¢;) = K <, Suppose that x,...,x, have
been obtained such that for all choices of scalars Ay,...,A. the following
statements are true:

@ |15 Ax [=TE A+ )25 A || T =r=s5s=k);

) |S AT | ST+ e)|SaATx | (1S r=s=k 1=i=n)

Let E and F, (1=i=n) denote the subspaces spanned by x,,...,x and
Tixi,..., Tixx respectively, and let wy,...,w, and zi,...,z; be (3)e.i-nets of the
unit spheres of E and F; respectively. Now select f, € X* (1=r=p) and
g EY* (1=r=gq, 1=i=n)such that f,(w,)=|f[|=1 and gi(z) =] gil|=1;
let

M={x EX:f(x)=T*gx)=0:1=r=p,1=i=n1=s5=¢q}.

Then M is of finite codimension and so by our choice of 8 there exists x,.; in M
with |xc||=1 and || Tixisa||> 8 (1=1i=n). Suppose that y lies on the unit
sphere of E; there exists a w, such that for each scalar A, we have

”y + /\xkn";” w, + /\xkﬂ”_%b‘kﬂ

;f,(w, + /\Xk+1)_%gk+]

1
;1";‘»8k+[

= 1/(1 + €k+1).

It follows that (a) holds with k replaced by k + 1, and a similar verification shows
that (b) holds with k replaced by k +1, which completes the induction. The
estimate for the basis constants is immediate.

CoroLLARY 1.4. (a) Suppose that T,:X— Y, are non-compact operators
(1=1i = n). There exists an infinite dimensional closed subspace N of X such that
the restriction of each T; to N is non-compact and injective.

(b) Suppose that X,..., X, are closed subspaces of infinite codimension in the
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Banach space X. There exists a closed subspace N of X such that the restriction to
N of the quotient map X — X /X is non-compact and injective foreach 1 =i = n.

Proofr. (a) Let (xi)i-: be a basic sequence whose existence is asserted in the
statement of Proposition 1.3, and let N be the closed linear span of this
sequence. The result follows at once from the properties of this sequence which
are stated in Proposition 1.3.

(b) This follows from part (a) by taking T. to be the quotient mapping
X X/X.

Let M and N be closed subspaces of a Banach space X. We recall that N is
said to be a quasi-complement of M if M N N =0and M + N isdense in X. Itis
proved in [11] that every subspace of a separable Banach space possesses a
quasi-complement, while it is proved in [9] that if I is uncountable then c¢,(I')
does not possess a quasi-complement in L.(I'). Now suppose that X is a separable
infinite dimensional Banach space which does not contain [/, and that T: [,— X is
a quotient mapping. Since any infinite dimensional subspace of I, contains /; it
must follow that if ker T C N Cl,, where N is a closed subspace, and that if ker T
is complemented in N, then N/ker T is finite dimensional. The above remarks
are relevant to the following proposition, which translates Corollary 1.4 (b) into
a statement about quasi-complements.

COROLLARY 1.5. Suppose that X,,...,X, are closed subspaces of infinite
codimension in the Banach space X. There exists a subspace N of X such that N is
a quasi-complement of X; in the closure of N + X such that the restriction to N of
the quotient map X — X /X, is non-compact for each 1=i=n.

It was proved in [5] that the formal identity operator I : [,— [ is a universal
non-compact operator in the sense that it can be factorized through any given
non-compact operator. The next proposition shows that it is possible to obtain
simultaneous factorizations through any finite collection of non-compact
operators.

CoROLLARY 1.6. Suppose that T.:X—>Y. (1=i=n) are non-compact
operators. There exist operators U : |,— X and V.: Y;— . (1 = i = n) together with
the following factorizations of the formal identity I:1,— l.:

= xlsy Yy (1=isn)

Moreover, given K>1, we may ensure that |U|=1 and ||Vi|=2K/§
(1=i=n), where 8 >0 is as defined in Proposition 1.3.
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PrOOF. Let (x:)i-: be a basic sequence whose existence is asserted in the
statement of Proposition 1.3; let U be defined by U(ex) = xi, where (ex )i~ is the
unit vector basis of I, (1=p =), with extension to [, by linearity. Since
(Tixi )i-1 is a basic sequence for each 1=i=n, it follows that the mapping
Tixi — e (k = 1) extends to a bounded operator from the closed linear span of
(Tixi )k -, into L.; but L, is a P, space and so the latter operator has a bounded
extension V;:Y;— L.. The estimates for | U| and || V;|| are easily verified.

We now prove a dual version of the previous result. It should be noted that
estimates could easily be given for the norms of the operators appearing in the
statement.

CoroLLARY 1.7.  Suppose that T, : X, — Y are non-compact operators (1=i =
n). There exist operators U;:l,— X, and V:Y — L. together with the following
factorizations of the formal identity I:1,— L.:

L—5X—5Y—5L (I1=i=n).

ProofF. We shall sketch the proof only in the case n =2 as the extension to
the general case is then a matter of routine. The argument of Proposition 1.3 can
be modified to show that there exist § > 0 and normalized sequences (xx )i-: in
X: and (yx)i-: in X, such that (z.)i-:, which is defined by z.. = T\x; and
Zu1 = Toye (k=1), is a basic sequence in Y with |z [|>8. We define
U,:l,> X, and U;: ;- X: by Ui(e) = x« and Us(e) = yi with extension to [,
by linearity. It follows easily from the fact that (z« )x-, is basic that the mapping
given by zox — e; and 2,1 — e, (k 2 1) extends to a bounded operator from the
closed linear span of (zx)c-, into I.. Since I is a P, space the latter operator has
a bounded extension V:Y — ., and this completes the proof.

We end this section with the remark that the case n = 1 of Proposition 1.3 will
follow very simply from a result of A. Pe}czyniski ([13]) to the effect that every
bounded sequence which has no weakly convergent subsequence contains a
basic subsequence. The latter result gives rise in a straightforward manner to the
following analogue of Corollary 1.4 and Corollary 1.5 for non-weakly compact
operators in the case n = 1.

ProrosiTioN 1.8. (a) Suppose that T:X—Y is a non-weakly compact
operator. There exists an infinite dimensional closed subspace N of X such that the
restriction of T to N is non-weakly compact and injective.

(b) Suppose that X, is a closed reflexive subspace of the non-reflexive Banach
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space X. There exists a subspace N of X such that N is a quasi-complement of X,
in the closure of N + X, and such that that the restriction to N of the quotient map
X — X /X, is non-weakly compact.

It is unknown to me, however, whether the non-weakly compact analogue of
Corollary 1.4 is true for general values of n.

2. Universal non-compact operators between super-reflexive spaces
The modulus of convexity 8x of the Banach space X is defined by

8x(g)=inf{l —

AP lx=Llyl=11x - ylz«}

for 0 = £ =2; its modulus of smoothness px is defined by

px()=sups([x +tyl+lx =y ) - L:llx =Myl =1}

for0=t=o.

X is said to be g-convex (2= q <) if there exist a constant C >0 and an
equivalent norm on X for which the modulus of convexity 8 satisfies §(¢)= Ce*
(0= ¢ =2). X is said to be p-smooth (1 < p =2) if there exist a constant C and
an equivalent norm on X for which the modulus of smoothness p satisfies
p(t)= Cr. X is said to be uniformly convex if 8x(g)> 0 for £ > (. The moduli of
convexity and smoothness of a Banach space and its dual are related by the
following duality formulae of J. Lindenstrauss ([8]):

px(t) = Sup {te[2 — 8x-(£)} (t>0)
5x'(s)§su0p{t£/2—px(t)} O<e=2)

These duality formulae have the consequence, which is used below, that X is
g-convex if and only if X* is p-smooth (1/p +1/q = 1). Finally, let us recall a
deep theorem of G. Pisier ([16]) to the effect that every so-called super-reflexive
Banach space (see [4] for some characterizations of super-reflexivity) is both
q-convex and p-smooth for some g and p. It was proved earlier by P. Enflo ([3])
that every super-reflexive Banach space admits a uniformly convex norm.
The modulus of convexity of the sequence space Il is of power type
q =max(2,r) and its modulus of smoothness is of power type p = min(2,r).
Moreover, I is neither g'-convex nor p’-smooth for any q'<gq or p'>p.
Suppose now that 1<p:2 and that 2=q <o; then the formal identity
operator I:/,— [, is bounded and non-compact. The purpose of this article is to
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prove the following theorem, which asserts that the latter operator is a universal
non-compact operator from a p-smooth Banach space into a g-convex space.

THEOREM 2.1. Suppose that X is p-smooth, that Y is q-convex, and that
T: X — Y is non-compact. There exist operators U : I, — X and V : Y — I, together
with the following factorization of the formal identity 1:1,—1,:

L—sX—> Y151,

It should be noted that in this theorem and in the other factorization theorems
of this section it would be possible to give estimates for the norms of the relevant
operators. The proof of Theorem 2.1 will follow from some facts about basic
sequences in uniformly convex spaces. We need to introduce some notation for
the purpose of stating the next two propositions. Let (x. )x-: be a basic sequence
in the Banach space X, and let P, be the natural projection associated with this
sequence which is defined on the closed linear span of (xi )c-: and whose range is
the linear span of xi,...,x,. Let K, =||P,| and let S, =2} _ixi (n=1). The
proof of the following proposition is adapted from a similar result for monotone
basic sequences which was proved in [16].

PROPOSITION 2.2.  Suppose that sup.-1 K, || S.:1[|= 1. Then
lal+ 2 oxlix D=1 K+ 3 (1= 1K),
ProOF. Since ||S, || = K.|| S+, we have

1 S1_8( lan“ )
AV O [ P

2

Sn + Sn+1
K.[1S.ui]

I, +xell+ Kl Selos (L) = kol

K[| Sl

Because K, ||S.-1[|=1 and because & — 8,(¢)/¢ is increasing on [0,2) (see [16])
we obtain

Sx (2 ) = Kul| S 5x<J—ILKnﬁ"§j+l||>-

Combining the latter with the relation ||S, || = K., || S, +2x...[| gives

1
181+ 8x(lxnn )= Kull St
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and so

Sx (| Xunr ) = (Kol Su |- I1S. N+ ]S (1 - 1/K.)

= ((TT& )it~ (IT &) Us.0) #1500 - K,

Summing from n =1 gives

3 ol = ([T & )supls. |- Ixll+ (S - 1K) supls. ]

and the result follows.

The Lindenstrauss duality formulae can be used to prove the following dual
analogue of Proposition 2.2, whose proof is omitted.

PROPOSITION 2.3.  Suppose that 1l K; < and that Z;_, px(|x.|[) = 1. There
exists a constant C (depending only on the K;’s) such that sup,||S.[|= C.

We shall now suppose that (x,),-; is a normalized basic sequence, that
1<p =2, and that 2= q <. This sequence will be said to satisfy an upper
p-estimate if there exists a constant A such that |27 A.x, | = A(Z7| A, [P)"? for all
choices of scalars A, A;, ..., and will be said to satisfy a lower g-estimate if there
exist a constant A >0 such that |Z}A.x, |Z A(S7|A. 7)Y for all choices of
scalars. Finally, (x.),-: will be said to be a sufficiently monotone basic sequence
if (in the notation above) II7 K, < . The following proposition is an immediate
consequence of the last two results.

ProrosITION 2.4.  Suppose that (x.).-: is a sufficiently monotone normalized
basic sequence in the Banach space X.

(a) If X is p-smooth then (x.).-, satisfies an upper p-estimate.

(b) If X is q-convex then (x.).- satisfies a lower q-estimate.

It is indeed fortunate that there is an abundant supply of sufficiently monotone
basic sequences, and the following proposition records this fact. The proof is
implicit in the well-known Mazur technique for extracting a basic subsequence
from a weakly null sequence (se e.g. [2, p. 42]).

PROPOSITION 2.5.  Suppose that (x,). -, is a weakly null normalized sequence in
a Banach space. Then (x.,),-: contains a sufficiently monotone basic subsequence.

PRrOOF OF THEOREM 2.1. By Proposition 1.3 there exists 6 >0 and a normal-
ized basic sequence (x, )»-1 such that (Tx, -, is a basic sequence with || T, || > &.
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Since X is reflexive it follows that (x, ), -, is weakly null, and so by Proposition
2.5 we may assume that {x,).- is sufficiently monotone (after extracting a
suitable subsequence and relabelling). By Proposition 2.4 we may further assume
that (x,).-, satisfies an upper p-estimate. Hence we obtain the following
factorization of the formal identity I : [, — [. just as in the proof of Corollary 1.6:

w T N

LS XY —5l..

Dualizing, we obtain the following factorization of the formal identity I: [, — I, :

v s* T w*

Ly D xe

where 1/p +1/p' =1 and ¢ : [, — I is the natural inclusion of /; in its second dual.
Let (e, ).-: denote the unit vector basis of I, (1 = p = x). Since Y* is reflexive it
follows that (S*t(e.))--1 admits a weakly convergent subsequence. Moreover,
W*T*S*1(e,)=e¢, and so (S*c(e,)).-: contains no norm convergent subse-
quence. Hence there exists x in Y* such that (S*(e,)— x )., contains a weakly
null subsequence which is bounded away from zero. It follows from the
Lindenstrauss duality formulae that Y* i1s ¢'-smooth, where 1/g +1/q'=1. By
Propositions 2.4 and 2.5 there exists a subsequence (e,, )1 such that (S*c(e,, ) —
x)i-1 satisfies an upper gq'-estimate. Let yv = S*t(e, )— x and let ¢y : [, — Y™ be
defined by ¢(e.) =y« (k =1) with extension by linearity. Now W*T*(y,)=
e, — W*T*(x); since (yi )i is weakly null it follows that W*T*(x) = 0. Let the
operator ¢ :l,— I, be defined by ¢ (¢;) =0 for all j & {n. : k = 1} and ¢ (e, ) =
for all k = 1. It is now readily verified that ¢W* T* ¢ is the formal identity from
I; into I,. The statement of the theorem follows by dualizing once more.

The proof of Theorem 2.1 contains the proof of the following proposition.
PROPOSITION 2.6. Suppose that T: X — Y is a non-compact operator.

(a) If X is a p-smooth Banach space then the formal identity I:1,— L. admits
the following factorization:

U T \4

L—>X—>Y—>1..

(b) If Y is a q-convex Banach space then the formal identity I : |,— I, admits the
following factorization:

L x Ly
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Using the full force of Proposition 1.3 one can prove versions of Theorem 2.1
and Proposition 2.6 which guarantee the existence of simultaneous factorizations
through finite collections of non-compact operators: we state without proof one
such result.

PROPOSITION 2.7. Suppose that X is p-smooth, that Y,,..., Y, are q-convex,
and that T; : X — Y, are non-compact operators (1 =i = n). There exist operators
U:l,— X and V;: Y, — |, together with the following factorizations of the formal
identity I1:1,— 1, :

For the remainder of this article the term Hilbert space will be used to refer
only to an infinite dimensional Hilbert space, and the results will be invalid
without this provision. Of special interest is the case p = q =2 in Theorem 2.1,
which has the following consequence.

COROLLARY 2.8. Suppose that X is 2-smooth, that Y is 2-convex, and that
T:X—Y is non-compact. Then the range of T contains an isomorphic copy of
Hilbert space which is complemented in Y.

ProofF. Theorem 2.1 asserts the existence of the following factorization of
the identity operator on I.:

U T \4

L X Y L.

It is now easily seen that UVT is a projection on X whose range is the range of
U and that TUV is a projection on Y whose range is the range of TU.
Moreover, the ranges of both these projections are isomorphic to .

The next theorem is simply an important special case of the previous corollary.

THEOREM 2.9. Suppose that X is a 2-convex Banach space and that Y is a
subspace of X which is isomorphic to a Hilbert space. Then Y contains an
isomorphic copy of I, which is complemented in X.

Proor. There exists a Hilbert space H and an isomorphic embedding
H- Y- X, where ¢ is the inclusion operator. Since H is 2-smooth the result
follows from Corollary 2.8.

ProposiTION 2.10.  Suppose that X is a 2-convex Banach space. The following
are equivalent:
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(i) every operator from a type 2 Banach space into X is compact;

(ii) every operator from a 2-smooth Banach space into X is compact;
(iii) every operator from a Hilbert space into X is compact;

(iv) X does not contain a subspace isomorphic to Hilbert space;

(v) X does not contain a complemented subspace isomorphic to Hilbert space.

Proor. Corollary 2.8 and Theorem 2.9 imply the equivalence of (ii), (iii), (iv)
and (v); (i) implies (ii) is evident. To prove that (iii) implies (i), suppose that Y is
of type 2 and that T:Y— X is non-compact. Since X is of cotype 2 it follows
from a theorem of S. Kwapien (see e.g. [17, Theoreme 1.2]) that T admits the
following factorization through a Hilbert space H:

Y—>H—>X;
clearly V is non-compact, and so (iii) implies (i).

Let us recall that an operator T: X — Y is said to be strictly singular if its
restriction to any closed infinite dimensional subspace of X fails to be an
isomorphism; T is said to be strictly co-singular if its composition with any
infinite rank quotient operator on Y fails to be a quotient operator on X.
Suppose that (0,3, n) is any measure space with an infinite o-field 3, that
2=gq <, and that 2 < p <. There is a projection P on L,(u) whose range E
is isomorphic to I, and there is a subspace F of L,(x) which is isomorphic to I,.
The following composition, in which ¢ and ¢ are isomorphisms and I:L,— [, is
the formal identity operator, gives a non-compact operator from L,(u) into
L,(p) which is both strictly singular and strictly cosingular:

b I L]

L Iy F Ly ().

Ly(p)—E

Similar operators exist in the range 1 < p <2, 1< g =2. The following positive
result calls to mind the familiar fact that every operator from I, into I, is compact
for g > p.

ProrosITiON  2.11.  Suppose that 1<p=2, that 2=q<w, and that
T:L,(n)— L, (1) is non-compact. Then T maps a complemented copy of Hilbert
space in L,(u) onto a complemented copy of Hilbert space in L,(u). In particular,
every strictly singular or strictly co-singular operator from L,(u) into L,(w) is
compact.

PrOOF. L, () is min(r,2)-smooth and max(r,2)-convex; so the resuit follows
at once from the proof of Corollary 2.8.
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I should like to conclude with some remarks about Theorem 2.9. H. P.
Rosenthal and A. Pe}czyniski proved the result of Theorem 2.9 ([14]) in the case
X =L,(0,1) (1<p=2); they remarked that their proof would work fer any
Banach space X which is of cotype 2 and which has an unconditional basis. 1
would further remark that their proof works for any space X of cotype 2 which
has an unconditional finite dimensional decomposition. Since any subspace of a
quotient space of a 2-convex space is itself 2-convex, which is a consequence of
the Lindenstrauss duality formulae, it follows that the result of Theorem 2.9 is
valid for any subspace of a quotient space of L,(n) (1 <p =2). It is relevant to
recall at this point the fact (see [1]) that L,(0,1) contains uncomplemented
isomorphic copies of Hilbert space for each 1<p <2; also relevant is the
consequence of Maurey’s extension theorem ([1Z]) to the effect that any
isomorphic copy of Hilbert space in a Banach space of type 2 (and a fortiori in a
2-smooth space) is automatically complemented.

The example of L(0,1), which is of cotype 2 and possesses subspaces that are
isomorphic to a Hilbert space, but none that are complemented, shows that
Theorem 2.9 does not extend to encompass all spaces of cotype 2. Moreover, the
Kalton-Peck space Z,, which contains a subspace isomorphic to a Hilbert space
which has the property that the quotient of Z, by that subspace is also
isomorphic to a Hilbert space, is super-reflexive but does not contain any
complemented isomorphic copy of Hilbert space (see [6]).

Finally, I should like to thank Nigel Kalton for helpful discussion and for
drawing various references to my notice. I am grateful to the referee for pointing
out an error in the original proof of Lemma 1.2 and for giving the correct proof. I
should also like to thank the mathematics faculty at the University of Missouri —
Columbia for their hospitality.
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